The behaviour of woven-fabric laminated composite plates has been studied under transverse central low-velocity point impact by using a modi®ed Hertz law and a 3D transient ®nite-element analysis code. The in-plane failure behaviour of the composites has been evaluated by means of a failure function based on the Tsai-Hill quadratic failure criterion. The eect of fabric geometry on the impact behaviour of woven-fabric composites has been studied. For comparison, the impact behaviour of balanced, symmetric, crossply laminates made of unidirectional layers and unidirectional composites has been included. The studies have been carried out with plate dimensions of 150 mmÂ150 mmÂ6 mm for a supported boundary condition. For these studies, incident impact velocities of 3 and 1 m/s and an impactor mass of 50 gm have been used. It is observed that the in-plane failure function is lower for wovenfabric laminates than for crossply laminates, indicating that woven-fabric laminates are more resistant to impact damage.
Introduction
One of the major concerns in designing composite structures is their susceptibility to impact loading. Fibre-reinforced polymer-matrix composites are known to be highly susceptible to internal damage caused by transverse loads, even under low-velocity impacts. The composites can be damaged on the surface as well as beneath the surface with relatively light impacts causing barely-visible impact damage, while the surface may appear to be undamaged to visual inspection. For the eective use of ®bre-reinforced polymer-matrix composites for high-performance applications, understanding the causes for the formation of such damage under lowvelocity impact and improving the damage-resistance characteristics of the composites are important considerations which have been the topic of extensive research for the last few years. Review articles on the impact behaviour of polymer-matrix composites covering contact laws, impact dynamics, stress analysis, damage mechanics, post-impact residual property characterisation and damage-resistance improvements are available in the literature [1±5] . Many research publications are available on the impact behaviour of polymer-matrix composites covering speci®c aspects [6±33] .
Matrix deformation and micro-cracking, interfacial debonding, lamina splitting, delamination, ®bre breakage and ®bre pull-out are the possible modes of failure in composites subjected to impact loading. Even though ®bre breakage is the ultimate failure mode, the damage would initiate in the form of matrix cracking/lamina splitting and would lead to delamination. Damage-free composites are necessary for their eective use.
Traditionally laminated composites made of unidirectional (UD) layers were used for structural applications. These composites are characterised by high speci®c stiness and high speci®c strength. But these composites are highly susceptible to impact damage because of their lower transverse tensile strength.
One of the ways of improving impact behaviour of polymer-matrix composites is to use woven-fabric (WF) layers instead of unidirectional layers. A woven-fabric is a fabric produced by the process of weaving in which the fabric is formed by interlacing the warp and ®ll strands. The integrated nature of the fabric provides the balanced in-plane properties. Woven-fabric composites are characterised by high fracture toughness and ease of handling. The transverse tensile strength of the WF composites is much higher than the UD composites. This is one of the possible reasons for the superior impact resistance characteristics of WF composites.
A number of studies are available on the impact behaviour of UD laminated composites [1±33] . Even though there are some studies on the impact behaviour of WF composites [34±51], further studies are necessary for their eective use in structural applications.
In this paper, the impact behaviour of plain-weave fabric-laminated composite plates supported on all the four sides and subjected to a transverse central point load is studied. The studies have been carried out for low-velocity impact loading. Stress state in the composite plate is evaluated using 3D transient ®nite-element analysis. Initiation of damage and the location of damage are predicted using an in-plane quadratic failure criterion. The prediction model was validated with experimental results in our earlier work [42, 43] 
Governing equations
In the analysis of the composite plate, it is assumed that the material of each layer is linearly elastic and obeys the generalised Hooke's law. In the present study, de¯ections of the plate are small in comparison to the dimensions of the plate, and hence the small-de¯ection theory is found to be valid for the impact analysis. For small-strain theory the equilibrium equation for a body in motion by neglecting the damping coecient is written as
where M is global mass matrix, K is stiness matrix, F f g is external force vector and U f g, È U É are the displacement and acceleration vectors.
Contact force
The knowledge of force vector is important for the solution of Eq. (1). For calculation of the force caused as a result of impact on composite plate, the impactor is modelled as an isotropic elastic body of spherical shape and the target as a plane anisotropic surface. The impactor is assumed to be rigid and of higher stiness compared to the target in the direction of impact. According to Davies et al. [20] the structure is expected to respond dynamically away from the impactor, where conventional theories of plates and shells can be applied to predict the behaviour of the structure. It has been found that near the point of impact the inertia forces are small compared with those of impactor, so that although the dynamic response of the structure may be needed to ®nd the impactor-force history, the nature of the stress ®eld can be analysed as if subjected to a quasi-static force.
Contact law
The classical treatment of impact phenomenon is based primarily on the impulse-momentum law for rigid bodies. The colliding objects are regarded essentially as single mass points. Also, it is assumed that the contact is instantaneous. This requirement can be met when the contacting surfaces are ideal smooth planes located normally to the relative velocity. In practice, however, it is dicult to meet this requirement. Also, one of the colliding surfaces is usually curved or non-planar. In this case, the two bodies suer a relative indentation in the vicinity of the impact point in addition to the gross or bulk deformations of the objects as a whole. The ®rst attempt to incorporate a theory of local indentation was based on a scheme suggested by Hertz [52] , who viewed the contact of two bodies as an equivalent problem in elastostatics. A solution was obtained in the form of a potential which described the stresses and deformations near the contact point as a function of the geometrical and elastic properties of the bodies. This result, although both static and elastic in nature, has been widely applied to impact situations where permanent deformations are produced [53] .
The contact force in case of impact between a hemisphere and a plane isotropic surface is obtained from Hertz theory. In low-velocity impact, where the duration of impact is long in comparison to the period of the lowest mode of vibration of the plate, the Hertz contact law can be applied. In this case, Hertz theory which has been modi®ed to apply for the case of impact on an anisotropic surface like composites is used to calculate the force caused by the impact on the plate. The Hertz contact law can be expressed as
where f is the scalar contact force,`' is the dierence between the displacement of the centre of the nose of the impactor and that of the centre of the mid-surface of the plate and`k' is modi®ed Hertz constant whose value can be calculated by [21, 54, 55] :
Here, r, ) s and E are radius, Poisson's ratio and modulus of impactor, respectively. E yy is the transverse modulus normal to the ®bre orientation in the uppermost composite layer.
3. Finite-element formulation for stress analysis
Boundary conditions
The 3D ®nite-element analysis (FEA) code was used to carry out the stress analysis of laminated composite plates for the following boundary conditions. Supported on all sides:
The dynamic equilibrium equation (1) is expressed in terms of ®nite-element formulation. For the modelling of composite laminates, eight-noded linear isoparametric brick elements with incompatible modes [56, 57] were used. Each node has 3 degrees of freedom. The solution of the dynamic equation was obtained using an implicit directintegration technique like Newmark's method [57] .
Stress calculation
For calculating the stresses, the B matrix is initially evaluated at the Gauss points and using this matrix, strains are calculated. These strains are then extrapolated to the nodes. To overcome the discontinuity of the strain values between two elements because of the use of C o type of ®nite-element, the strain at any node is calculated as the sum of the strains obtained at that node from all the surrounding elements, divided by the number of surrounding elements. These nodal strains are used to calculate the stresses at the nodes. In case of node lying on the interface the in-plane normal stresses and shear stress are calculated by simply multiplying with the elasticity matrix of the particular layer. But the transverse normal stress and transverse shear stresses are calculated by using the average elasticity matrix of the two layers. The values of stresses ' and ' are not exactly zero at the top and bottom surfaces and that of ' is not zero at the bottom, since the equilibrium equations are not explicitly enforced. These can be made exactly zero at the top and the bottom surfaces by back-substituting the values of in-plane normal stresses in the equilibrium equations and then solving the resulting partial dierential equations for ' , ' and ' by applying the appropriate boundary conditions. Numerical techniques like ®nite dierence can be used to obtain their solution. However, the discrepancy seen at the top and the bottom was found to be very small to make any dierence in the failure calculations and hence was neglected in the present study.
Newmark time integration
For the solution of the dynamic equation, Newmark time integration is used. The dynamic equation can be written at time t Át as
The acceleration and velocity vectors at time t Át are obtained by the following expressions:
where and are the constants, which are in this case chosen to be 0.25 and 0.5, respectively [57] . Then this method is also called the constant average acceleration method or the trapezoidal method. Substituting Eq. (5) in the dynamic equation (4).
In Eq. (4) the only unknowns are the de¯ection U f g and force F f g at time`t Át'. Rest of the terms, i.e. velocity, displacement and acceleration at time`t' are all known. As there are two unknowns and only one equation, another equation is developed using Hertz contact law.
Solution procedure
The force caused by the impact of a sphere on a plate cannot be expressed by a simple analytical function of time. Hence, the force Vs time curve is idealised by a suitable step curve having constant forces F1, F2, F3, ... over equal time intervals. That means, it is assumed that the continuous action of the force is replaced by a series of constant forces F1, F2, F3, .... each acting for a time interval`Át'. Here, F1, F2, F3 ... are the forces at time, (nÁt), where n=1, 2, 3 ... . At any time`t' the force at that instant is obtained by the superposition of the eects of the previous impulses at that time`t' with the impulse at the same time`t'.
In the present impact problem, the algorithm given in Ref. [58] was followed to save the computation time. First, the response of the plate to a unit impulse of time duration`Át' is calculated for the entire time history and stored in the memory. After that the non-linear Hertz law is applied at every time step to calculate the impact force. The impact force at any time`t' is calculated from the impactor and plate displacements of the previous time step.
Response of plate to unit impulse
The exact procedure for getting the response of the plate as a result of a unit impulse of time duration`Át' is given as follows. It is seen in Eq. (7) that the force vector consists of the force caused by an external force applied as well as the inertia force caused by the mass of the plate. Hence the displacement vector is written as sum of the displacements caused by the external applied load as well as by the inertia force [55] .
Substituting Eq. (9) in Eq. (7),
To proceed with the solution, it is necessary to prescribe the right hand side force vectors. It must be noted that F m f g at time`t' is known since the displacement, acceleration and velocity vectors at time`t' are known. Also the force caused by the impulse F s È É during time t 0 to t Át is of unit magnitude. After the ®rst time step`Át' the external applied force is made zero. The left-hand-side matrix contains the eective stiness matrix, which is decomposed only once before the iterations are begun. This decomposed matrix is used to calculate the displacements of the plate with dierent right-hand-side force vectors at each time step. Newmark time integration scheme is used to get the displacement history of the plate over the required time period.
Calculation of impact force
The impact force is calculated using the Hertz contact law which during the loading phase is given by
where tÁt is the indentation depth at any instant of time.
At any time`t Át'
The above equation is approximated by its value calculated from the plate and impactor displacements at time`t' given as below:
t is the displacement of the centre of the midsurface of the plate in the direction of the impact. s t is the displacement of the tip of the impactor at any time`t'.
The position of the tip of the impactor at any time`t' after the contact between the plate and impactor has taken place is given in Eq. (14) , where the double integral signi®es the resistance of the plate to the motion of the impactor and`f' is the contact force caused by impact.
Substituting Eq. (14) and Eq. (13) in Eq. (11),
IS
Here, F j is a dimensionless quantity de®ned as (f j /unit force).
As a result of the non-linear nature of the above equation, analytical solution is not possible and the solution is obtained numerically by small time increment method, then Eq. (15) becomes
IT
The summation in the second term of the Eq. (16) arises from the double integration term and, for a linear continuous approximation of force/time curve can be expressed as
IU
The solution of Eq. (16) is obtained by the following approximation scheme [53, 59] . At time t Át, the force is assumed to be a function of only the local compression and not the de¯ection of the plate. Hence the force is calculated as
IV
Then the force at time t 2Át is calculated from the known displacements of plate and impactor at time t Át. Similarly, force at any time`t Át' is calculated by substituting the impactor and plate displacements of the previous time step using Eq. (17) .
The value of t , already available from the response history of the plate, calculated for a unit impulse of duration`Át', is multiplied by the impactor force to get the displacement of the plate under the impact load. At any time`t' the displacement of the plate is obtained by taking a summation of the products of the impact force and the displacement response of the plate due to the unit load up to that time`t' as shown by the double summation sign in the third term of the Eq. (16).
Results and discussion
The results have been obtained using the inhouse FEA code developed for impact analysis. This program was used to analyse the woven-fabric composite plates under impact loading. For comparison, the results for a [0/90] S crossply laminates made of UD layers and [0] n UD composites are also presented. For all the cases, the loading was through a point load acting at the centre of the plate.
Joshi and Sun [7] have analysed the impact behaviour of composite beams. They used ®nite-element analysis based on 2D plain-strain formulation. In the present analysis, impact behaviour of composite plates has been analysed using eight-noded linear isoparametric brick elements with incompatible modes. The present analysis is based on solution of equilibrium equations tending towards exact solution.
The schematic arrangement of WF laminated composite plate geometry is shown in Fig. 1 . For the present study, a square plate of 150 mmÂ150 mmÂ6 mm thickness was considered. Supported boundary condition was considered for all the cases.
A steel spherical impactor with radius 6.5 mm, modulus of elasticity of 200 GPa and Poisson's ratio of 0.3 was considered.
Dierent plain-weave fabric laminated composite plates were considered for the impact studies. The weave geometrical parameters considered are presented in Table 1 . Laminate con®guration C2 was considered for all the laminates [60±65]. E-glass/epoxy and T300/ 5208 carbon/epoxy materials were used for the studies. Five weave geometries were considered for the studies with dierent strand width (a), strand thickness (h) and inter-strand gap (g). All the laminates were made with balanced fabrics with the same geometrical and material parameters along both warp and ®ll directions. The ratio (gaa) was 0.1 for all the cases. The ratio (haa) was varied in the practical range from 0.01 to 0.25. The fabric thickness was minimum for WG06 and maximum for WG10. For the other fabrics it was in between.
As given in Tables 1±8, materials WG06 , WG07, WG02, WG08 and WG10 refer to plain-weave fabric laminates. Materials CP0.65, CP0.40 and CP0.70 refer to balanced symmetric crossply laminates made of UD layers. Materials UD0.65 and UD0.70 refer to UD composites. The last letter`G' refers to E-glass as reinforcing material and`C' refers to T300 carbon as reinforcing material. The elastic and strength properties are given in the Tables 2±5 [60±66] .
The in-house FEA code developed was ®rst run with dierent meshes for convergence study. Based on the study, a mesh of 20Â20Â8 was adopted for all the cases.
The code was run for an impact problem solved by Karas [55, 67] for an isotropic material. The results obtained by the present in-house FEA code and that obtained by Karas were compared, and a good correlation was obtained [42, 43] .
The code was also used to obtain the failure for a material given by Lammerant and Verpoest [26] and tested under quasi-static loading for a crossply laminate [0/90] S , made of HTA/6376 toughened carbon/epoxy. They observed damage initiation in the form of a matrix cracking/lamina splitting in the bottom layer right under the point of the loading. This ®rst matrix cracking/lamina splitting appeared at a displacement of 1 mm. Using the present code, it was observed that the failure had just initiated in the form of a matrix cracking/lamina splitting in the bottom most layer for a displacement of 1 mm [42, 43] .
Impact loading
Response plots of E-glass/epoxy laminates are presented for supported boundary conditions in Fig. 2 . Contact force and displacement plots are given in Figs. 3 and 4, respectively. It can be seen from Fig. 3 that multiple contacts occur for both WF and CP laminates. The peak contact force was more for WF laminates. Corresponding plate and impactor displacements are nearly the same for the WF and CP laminates considered.
It was observed that the loss of contact takes place when the plate starts moving with a higher velocity compared to the velocity of the impactor, i.e. the displacement of the plate exceeds that of the impactor causing a separation between the two. They once again come into contact when the plate reverses its direction of motion and starts coming back towards its original position. However, it may be noted that the loss of contact does not signify the end of impact event. During the impact event there can be a number of contacts between the impactor and the plate, but the impact event can be considered to be over only when the impactor displacement reverses its sign and the contact between the impactor and the plate is lost during the upward motion of the plate and the impactor, or the plate returns to its original position, whichever takes place later. In the present case, it can be seen that, for WF laminates, the contact between the plate and the impactor was lost even before the plate returned to its original position. On the other hand, for CP laminates, a M=50 gm, V 0 =1 m/s; plate dimensions: L =150 mm, L =150 mm, simply supported. b Duration of impact is given at contact force, F 0. The quantity in parentheses indicates duration of impact at plate displacement, w 0. a M=50 gm, V 0 =1 m/s; plate dimensions: L =150 mm, L =150 mm, simply supported. b Duration of impact is given at contact force, F 0. The quantity in parentheses indicates duration of impact at plate displacement, w 0. the contact between the plate and the impactor was lost beyond the original position. In the present study, only the ®rst impact was considered and hence the calculations were stopped after the impactor displacement reversed its sign and the contact between the impactor and the plate was lost, or the plate returned to its original position, whichever took place later.
In-plane stress plots
The plots for the variation of the stresses (' and ' ) through the thickness of the plate are given in Figs. 5±7 for the WF and CP laminates. For WF laminate, time interval 763 ms corresponds to time to reach peak contact force. Time interval 500 ms is during the separation period. For CP laminate, time interval 78 ms corresponds to time to reach peak contact force. In this case also time interval 500 ms is during the separation period. For the incident impact velocity and mass of the impactor considered for these two cases, stresses induced were not sucient to cause damage in the plates. From Figs. 5±7, it can be seen that the magnitudes of compressive normal stresses in the upper layers of the laminate are more than the magnitudes of the tensile normal stresses in the lower layers. This is because of the compression of the upper layers during the impact event when the contact exists between the impactor and the plate. But during the separation period the magnitudes of the stresses in the upper and the lower layers are identical. From Fig. 5 , it can be seen that the variation of ' and ' through the plate thickness is identical for WF composites. This is because the WF composites have balanced properties in both warp and ®ll directions.
Variation of stresses (' and ' ) along L at peak contact force is presented in Figs. 8±11 for WF and CP laminates. From ' and ' plots it can be seen that near the centre the stresses are compressive in the upper layers and tensile in the lower layers. But the sign changes towards the end of the plate. The magnitude of ' is seen to be a very small quantity.
In-plane failure function plots
The three possible macro modes of damage initiation that can occur in the composite laminate under impact load are:
i. Initiation of matrix cracking/lamina failure caused by in-plane stresses. In-plane tensile normal stresses and shear stress can lead to matrix cracking/ lamina failure in the lower layer whereas in-plane compressive normal stresses and the shear stress can lead to matrix cracking/lamina failure in the upper layer. These matrix cracks initiated within the layer can lead to delamination when these cracks reach the neighbouring interface. ii. Initiation of delamination caused by the tensile nature of ' and other interlaminar shear stresses. iii. Crushing of upper layers caused by impact loading.
Out of these three possible modes of damage initiation, only the ®rst mode, i.e. the in-plane failure mode, has been considered in the present study. Damage initiation caused by ' , ' and ' is being studied separately.
The damage initiation would occur in the form of matrix cracking/lamina splitting either in the bottom layer or in the top layer. Hence, an in-plane failure criterion by Tsai±Hill [68] was used for damage initiation studies. An in-plane failure function, I, based on Tsai± Hill criterion is de®ned as follows:
Y T I
Here ' 1 , ' 2 and ' 12 are the induced in-plane stress components and X , Y and S 12 are the normal and inplane shear-strength values.
The damage initiation takes place when the value of in-plane failure function, I just exceeds unity. In-plane failure function plots are presented in Figs. 12±15 for WF and CP laminates. Failure has not taken place for the plate geometry and impact parameters considered for both WF and CP laminates. In-plane failure function value is very high for CP laminates as compared to WF laminates. This indicates that WF laminates are more impact-damage resistant compared to CP laminates. From Figs. 12 and 13, it is seen that the in-plane failure function value is higher for the top layer (I2) than for bottom layer (I1) for the WF laminate. On the other hand, it is seen from the Figs. 14 and 15, that the in-plane failure-function value is higher for the bottom layer (I1) than for the top layer (I2) for the CP laminate. For the CP laminate the in-plane failure can initiate in the form of matrix cracking/lamina splitting in the lower layer during impact because of in-plane tensile stresses. The damage initiates in the lower layer because of the lower transverse tensile strength. Woven-fabric laminates are characterised by balanced and equal properties along both warp and ®ll directions. The tensile failure strength along the transverse direction is signi®cantly higher for WF laminates leading to a signi®cant reduction in in-plane failure function. It is interesting to note that the in-plane failure initiates from the bottom surface for CP laminated composites whereas it initiates from the top surface for the WF laminates. Woven-fabric laminates have balanced in-plane properties, but the compressive strength properties for the WF laminates are much lower than the tensile strength properties. The upper layer is under compressive stresses for the WF laminates, and hence the failure initiates on the upper layer.
Eect of fabric geometry on impact behaviour of composites
Impact behaviour of dierent plain-weave fabric composites made of E-glass/epoxy and T300/5208 carbon/epoxy is presented in Tables 6±8.
Weave geometries WG06, WG07, WG02, WG08 and WG10 indicate plain-weave fabric composites with decreasing in-plane modulus of elasticity values. The maximum displacement and maximum in-plane failure function decrease with the increase in in-plane modulus of elasticity for both E-glass/epoxy and T300/5208 carbon/epoxy laminates. Nominal plate thickness considered was 6 mm for all these cases. [0/90] S and [0] n laminate results are also presented in Tables 6±8 for comparison. CP0.65G, UD0.65G, CP0.70C and UD0.70C laminate thickness values were changed as shown in Tables 6±8. This was done to have the same mass for all the plates. For CP0.65G and UD0.65G the laminates were failing for the plate dimensions and the impact parameters considered for E-glass/epoxy at V 0 3 m/s (Table 6 ). The in-plane failure was initiating in the bottom layer in the form of matrix cracking/lamina splitting. For Eglass/epoxy, the peak contact force was more for all the plain-weave fabric laminates considered compared to UD and CP laminates (Tables 6 and 7) . For T300/5208 carbon/epoxy, UD and CP laminates were not failing for the plate dimensions and the impact parameters considered (Table 8) . But, the in-plane failure function is higher for UD and CP laminates compared to WF laminates. From the Tables 6±8, it is clear that the in-plane failure would initiate from the top surface for all the plain-weave fabric laminates, whereas it would initiate from the bottom surface for the UD and CP laminates.
Conclusions
The behaviour of WF laminated composite plates has been studied under transverse central low-velocity-point impact. For this, a ®nite-element formulation is presented.
For the plate geometry and impact conditions considered, it is observed that:
i. Multiple contacts between the impactor and the composite plate occur during the impact event. ii. Maximum displacement and maximum in-plane failure function decrease with the increase in inplane modulus of elasticity for both E-glass/epoxy and T300/5208 carbon/epoxy laminates. iii. The magnitudes of compressive normal stresses '
and ' in the upper layers of the laminate are higher than the magnitudes of tensile normal stresses ' and ' in the lower layers. iv. The in-plane failure function is lower for the WF laminates than for UD and CP laminates indicating that the WF laminates are more impact resistant. v. In-plane failure function is higher on the top layer than on the bottom layer for WF laminates. It indicates that in-plane failure would initiate on the top layer for WF laminates. vi. In-plane failure function is higher on the bottom layer than on the top layer for UD and CP laminated composites. It indicates that in-plane failure would initiate on the bottom layer for the UD and CP laminated composites.
